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A new Chebyshev pseudospectral technique (based on the projection method that was
previously applied by the authors to the solution of two-dimensional incompressible Navier—
Stokes equations in primitive variables for nonperiodic boundary conditions) is extended to
solve the three-dimensional Navier—Stokes equations. The cructal point of the method is the
requirement that the continuity equation be satisfied everywhere in the domain, on the boun-
daries as well as in the interior. The key feature of the work presented in this paper is that the
computer storage requirements of the full matrix inversion resulting from direct solution of the
pressure Poisson equation in three dimensions is greatly reduced by considering an eigen-
function decomposition. The method was tested on a two-dimensional driven cavity flow and
the results were compared with those of the most accurate finite-difference calculation. The
three-dimensional driven cavity flow was then calculated at the same Reynolds numbers as the
two-dimensional cases, ie., Re =100, 400, and 1000. In the calculated resuits, three-dimen-
sional boundary effects were observed in all cases and became more apparent with incréasing
Reynolds number.  © 1987 Academic Press, Inc.

1. INTRODUCTION

A number of finite difference solutions of the three-dimensional incompressible
Navier-Stokes equations have been presented. The formulations include vector
stream function-vorticity by Mallinson and de Vahl Davis [1], velocity-vorticity
by Dennis et al. [2], velocity-potential by Kim and Moin [3] and primitive
variables by Goda [4], as well as an improved TEACH-2E code by Freitas et al.
[57]. Although there are three different kinds of formulations, the one based on the
primitive variable form appears to be the least complex for solving the three-dimen-
sional Navier—Stokes equations. As a result, that is the approach used in the
present paper.

The applicability of high accuracy pseudospectral (or speciral) methods to the
solution of three-dimensional Navier-Stokes equations has been limited to
problems that admit periodic pressure boundary conditions in one or more dimen-
sions. The reason for this is that it permits one to reduce the complexity of solving
for the pressure field. Fully periodic solutions were initially employed by Orszag
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and Patterson [6] as well as by Riley and Metcalfe [7]. Subsequently, flows
without periodicity in one direction were considered by Orszag and Kells [8],
Deville et al. [9], and Moin and Kim [10]. In this paper we extend the approach
to flows without any periodic boundary conditions.

In a companion paper [11] the authors addressed techniques and boundary con-
ditions that could be easily extended to three dimensions. The discussion in that
paper provides a foundation for the material presented here and may serve to
answer questions. From that investigation it was determined that the Chorin pro-
jection or time splitting method [12] with the continuity equation as the boundary
condition for pressure produced accurate solutions for two-dimensional problems.
Furthermore, the results suggested that use of the continuity boundary condition
yielded a better solution than when the classical momentum-equation-derived
Neumann boundary condition was employed for pressure. This reflects the fact that
there is no natural pressure boundary condition other than a divergence-free field.
The application of the continuity equation at the boundary permits one to satisfy
the incompressibility constraint everywhere to machine accuracy. As a result of the
success of the two-dimensional investigation, the authors have employed the same
approach for a three-dimensional flow in this paper. We note that the influence
matrix method of Kleiser and Schumann [13] yielded similar accuracy to the
approach used in the paper on two-dimensional flows [11]; however, its extension
to three-dimensional problems is more complicated and, therefore, was not con-
sidered here.

The splitting method used in this study, as in most primitive variable approaches,
yields a three-dimensional Poisson equation for the pressure. This presents a
problem, since applying a Chebyshev pseudospectral matrix approach to solve the
equation results in a large full matrix to invert, in contrast to the sparse banded
matrix generated by a finite difference approach. Thus, in order to make the
pseudospectral approach competitive, improved techniques for solving the matrix
problem are required. Methods are available that can overcome the difficulty
associated with the matrix inversion. These can be cast into two main categories:
(1) direct reduced storage solutions or (2) iteration schemes. The direct solutions
incorporating matrix diagonalization have been used by Haidvogel and Zang [14]
in the two-dimensional case, Haldenwang ef al. [15] and Tan [16] in the three-
dimensional case. The iteration schemes use preconditioning with a simple finite-dif-
ference predictor as displayed by Orszag [17] or a finite-element as shown by
Deville and Mund [ 18] and then use the pseudospectral method as a corrector.
Different iteration schemes such as Richardson, Chebyshev, conjugate gradient, and
multigrid (Zang et al. [197) are used to converge the iteration. For most of the
research, however, the boundary conditions were restricted to those of Dirichlet,
mixed, and less for Neumann type. A direct solution method for the equation using
the pseudospectral matrix method [20] with the continuity equation as the
pressure boundary condition is presented in this paper. The key advance is that the
typical computer storage for a direct three-dimensional matrix inversion is greatly
reduced from O(N®) to O(N?), where N denotes the number of grid points in one
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direction. This facilitates running of the three-dimensional program on a microcoms-
puter system.

The paper is divided into eight sections; the first being the Introduction. Section 2
includes the general formulation of the derivatives by the pseudospectral matrix
technique and in Section 3, the physical problem with suitable boundary conditions
is described. Section 4 addresses the detailed numerical procedure for solving the
three-dimensional Navier—Stokes equations in the primitive variable form and in
Section S, a direct and fast real-space pressure Poisson solver is developed (in con-
trast to the spectral-tan method). Section 6 outlines the stability condition for the
time step as well as computing time and the modified “cycle” concept is introduced
to accelerate the solution to reach the steady state. Section 7 presents the results
obtained using the new Poisson solver for a two-dimensional driven-cavity flow
problem and compares them with the most accurate finite-difference method by
Ghia et al. [21]. Section 8 gives the conclusions. In addition, calculations for the
three-dimensional case at Reynolds numbers of 100, 400, and 1000 are presented.

2. CALCULATION OF DERIVATIVES BY USING MATRIX MULTIPLIES
With the collocation points selected as x; = cos[n(j— 1)/N], a smooth function,

f(x), defined on xe [ —1, 1] when expanded in Chebyshev polynomials has first
and second derivatives, in discrete form [207], that are approximately by

N+1 . '
fle)= 3% G (la)
I=1
N+1 R
frx)= 3 G2 (1b)
I=1

with G@=TGYT, ¢g=1,2, and GP=GVGY, where T, G, T is an
(N+1)x (N + 1) matrix with elements

T, ;= cos ﬂ{_—ljzl(_J_“L) (Za)
(1):{0 if i>].' or i+jiséven . (2b)
i 2(—1)yC) otherwise (C, =2, C;=1fori=?2) )
and
T.; 2 o™iz DU (C,=Cy,,1=2C=1forl<i<N+1). (2)

 NC,C, N

When the domain of interest is [0, 1], the above expressions are meodified as
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shown in [22]. When a symmetry boundary condition applies at x=0, the
derivatives of a function with xe [0, 1] are given by

N2+1
Z GSW\) f; (3a)
N24+1

['x)=Y GSAfi (3b)
I=1

where

GSY) =

Js

G +GY) ,  I<NR2+1
{ +Gy 2y <N/2+ 4)

C@ [=N/2+1

AN

and j=1,.., N/2+ 1. When an antisymmetry condition at x =0 applies. Eq. (3) is
replaced by

f(x;)= N/ZZH GA(” (5a)
N2+
f'(x)= Y G4}/, (5b)

=1
where
G“” G}f',’v+2_,, [<N2+1

G A (q)
{G@, I=N2+1 (6)
and j=1,., N2+ 1.
Note that all the calculations are manipulated in physical space rather than in
the spectral space. As indicated by Street et al. [23] the matrix-multiply approach
(in Fortran) can be significantly faster than FFT’s {in assembly language), when

the number of collocation points in a direction does not exceed approximately 100.

3. GOVERNING DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS

The three-dimensional cavity flow in a cubic box (Fig. 1) can be represented in
terms of a primitive variable formulation. In Cartesian coordinates, the time-depen-
dent Navier-Stokes equations in nondimensional form can be written as

u ou  Ou Ou op 1 2,
6t+ 6—+U@+W'a—z——a- —R—V (7a)

ov v v ov dp 2,
al+ ax‘i‘U@'FWE——E EéV (7b)

dw  ow  Ow ow op 1
E—I—ua—I‘QE'FWE——g'F Vw (70)

6u 60 ow

ax 8y oz =0, (7d)
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0, 1

F1G. 1. Three-dimensional cavity flow configuration and coordinate system.

where
o 0 &7
Vieest—+—
o oy? o
and Re is the Reynolds number, pUl/u, where p is the density, U is the velocity of
the moving lid, / is the length of the cubic box, and p is the viscosity.
Equations (7a)-(7d) are only solved for hall of the cubic box due to the
assumption of symmetry of the configuration about the plane z=0.5. The initial
and boundary conditions are given by, for ¢ >0,

u=v=w=0 atx=0 and x=1 (8a)

u=1, v=w=90 aty=1 (8b)

u=v=w=0 at y=0 (8¢)

u=v=w=0 atz=1 (8d)

%:%:%: , w=0, atz=05 (8e)
and for t =0,

u=v=w=0, 0<x<L0g<y<,0<z2z<1. (%)

The boundary conditions of Egs. (8a) and (8b) will produce a jump in the solution
at x=0and x=1 at y=1. In order to avoid this numerical complexity, the boun-
dary conditions were adjusted over a few points so that at x=0 and x=1 the
values were zero and at the next points on y=1, u=0.3, and 1.0, respectively. The
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close spacing of the Chebyshev points near the boundary should make this
approach a reasonable approximation to the original problem. A test was conduc-
ted to determine the sensitivity of the solution to this approximation. The value of
0.3 was increased to 0.5 and the impact was a third decimal place change in the
interior solution at nearby grid points. As a result it was concluded that the
approximation was adequate.

4. FORMULATION BY THE PSEUDOSPECTRAL MATRIX METHOD
The method applied in this study is Chorin’s [12] splitting technique. For this
scheme, the equations of motion, in tensor form, are

du; ﬁ_p_
or ' ox,

F,, (10)

where F,= (1/Re)(0%u,/0x?) — u(0u,/0x;).

The first step in the method is to split the velocity into a sum of a predicted and
corrected vaiue. The predicted velocity field is determined by time integration of the
momentum equations without the pressure terms in the form

it — = At (11)

The second step is to develop the corrected velocity field that satisfies the continuity
equation by using the relationships

d
wit=get g L (12a)
Ox;
and
au17+1
St M)
- (12b)

1

The discretization of Eqs. (12a) and (12b) by the aforementioned pseudospectral
matrix method takes the form

NX+1

uZIi=ﬁ:§},i~At Z GX,(,lr)an,j,k {13a)
m=1
NY+1

vith=dti—Ar Y GYW)p, . (13b)
=1
NZ/2+1

witi=witi—Ar Yy GS{p, ;. (13c)
n=1

Note that only half of the grid points, NZ/2 + 1, are needed in the z direction due
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to the geometric configuration. Hence z-dependent variables u, v, and p are expan-
ded in a symmetric form, while w is expanded in an antisymmetric form. The
resulting matrix forms have been indicated in Eqs. {3) and (5), respectively.

By requiring that the velocity components «; 7, v} F;, and w7} satisfy the con-
tinuity equation throughout the whole domain, and with the incorporation of
prescribed velocity boundary conditions (which were described in detail in
[11, 247), the substitution of Egs. (13) into Eq. (12b) yields the following general
form

NX+ 1 NY+1 NZ2+1

Z Bszpm]k+ Z BY /ptlk+ Z sznpljn

/=1 n=1

NZ/2
Sy(1) gn+ 1 Ay () g+l A4 () o+l
ﬂ( Y GX{ s+ Z GYWoi i+ L GAL W,
=2 n=2

+ GX%“’HI + GX(INX+1uNX+IJ k+GY1(;11)UZJ{,1k

Ay(1 1 A 401 +1 A 401 +1 1
+GYJ(',)\/Y+1U2J/rvy+1,k+GA§c,)1WZj,1+GA/¢,)NZ/2+1W?,J;NZ/2+1> (14)

in the interior for i=2,.., NX, j=2,., NY, and k =2,.., NZ/2 + 1, where

NX

BX; .= Z GX“’GX“) (15a)
p=2
NY . .

BY, = ¥ GY6Yy)] (t5b)
g=2

and

NZj2 . .

BZ,,= Y GAGSY). (15¢)
r=2

At the boundaries, with prescribed velocity conditions where i=1 (x=1) and
i=NX+1 (x=0), the supplemental pressure equation is related to the continuity
gquation, i.e., du/dx = —(0v/0y 4+ ow/0z), so that
NX+1 1 NX
> BXi,um,j,k":Z“t( Y GXO)antt + GX{ul +GX g 1 W3 1k
m=1 m=2
NY+1 . NZ/2+1 \
+ Y GYQurti+ ) GA,((‘LWZ‘;“Q) (16a)
/=1 n=1
In the y direction, at j=1 (y=1) and j=NY+ 1 (y=0), ie, dv/dy = —(Jufdx +
dw/dz), the supplemental pressure equation is

NY+1 NY B .
z BY, /Pzzk"'“_( GY(I) GY,(*,li) +GY] I)VY+1U:NY+1/<
I=1 \r=2
NX+1 NZ/2+1
+ Z GX(I)u”+1+ > GAHW?}j) (16b)
n=1

581/70/2-12
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In an analogous manner, at k=1 (z=1), i.e., 0w/0z = —(0u/0x + 0v/dy), we have

NZ2+1 1 /Nz2 ;
—_ 1Y 7 1 1 t
Y BZpin=g( 3 CARFL+ GALu

n=1
NY+1
+GA/&T)1VZ/2+1WZZ}VZ/2+1+ ) G ot
m=1
NY+1
+ GY}})UZZ,&). (16¢)
—1

Equation (14), together with supplemental Eqgs. (16) at the boundaries, constitutes
the overall solution for the unknown pressure, with which continuity is satisfied to
machine accuracy. What is more important, the pressure Poisson equation is a
linear operator, and only an initial matrix inversion is required. The stored matrix
inversion coefficients can then be used for all the following time steps to compute
the pressure solution. Despite the advantage of the linear operator for the pressure
equation, the remaining aspect is the challenge of how to solve the huge three-
dimensional matrix without constraints on the size of the computer storage. This
question is dealt with in Section 5.

5. A DIRECT AND FAST PRESSURE POISSON SOLVER

The three-dimensional pressure Poisson equation can be solved either in real
space of spectral space. Gottlieb and Orszag [25], Haidvogel and Zang [14], and
Tan [16] employed a spectral space approach that is sometimes called the tau
method. However, the real space pseudospectral solution approach seems to be
more straightforward in dealing with boundary conditions. As a result, this is the
approach adopted here. The method is similar to the tensor product method [26]
used by Murdock [27] for two-dimensional flows in that eigenfunction expansions
are used to reduce differential operators in the Poisson equation to algebraic
relationships, but differs considerably in implementation. In this approach two
spacial operators are reduced in the three-dimensional problem and the resulting
one-dimensional second order equation is solved using a matrix method that has
been previously described [22].

The method proceeds by first simplifying the right-hand sides of Eq. (14) and the
supplemental pressure Egs. (16) by defining a source term, S, .. Equation (14)
then becomes

NX+1 NY+1 NZ/2+1

Y BX; Pkt Y. BY,p i+ Z BZ, P ;n=5Si,k (17)
=1

m=1 = n=1
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and the boundary conditions based on continuity take the form

NX+1

Z BX: P i k=S k> i=1, NX+1 {18a)
m=1

NY+1
Z BY, ipiix=50k =L, NY+1 {18b)
=1

and
NZ/2Z+1
Z BZ, .pi;n=Si; 1 k=1. {18¢c)

n=1
In order to develop an eigenfunction expansion with real eigenvalues for the
operators in Eq. (17) it is necessary to first subtract out or remove boundary
pressure terms. This can be accomplished in the x and y direction if one uses the
continuity equation conditions given by Eqgs. (18a) and (18b). From these
equations, pi ; s, Pay 1.k Pitx» and p; vy, 1, can be expressed in terms of field
variable in the interior, accordingly,

NX
Pi,,j,,k:|: }: (BXNX+1,NX+IBX1,m_BXI,NX+1BXNX+1‘In)pm,j,k

m=2

+BX],NX+ISNX+1,j,k_BXA’X+1,NX+1S1,j,k:|/

(BX | nx 1 BX vy 10— BXyyo1 wxv1BX1 1) (19a)
NX
PNx+1,jk zg Z (BX yyo, 1BX1,m“BX1,1BXNX+1,m)Pm,j,k
m=2

/

+BX, 1 Snxs l,j,k“BXNXJrl,ISl,_/,k}/

(BXNX+1,NX+IBXI,1_BXNX+1,1BX1,NX+1) {}9’0)

and similarly,

NY
pi,l.k:[z (BYNY+I,NY+IBY1,1_BY1,NY+IBYNY+!,[)pi,!,k
!

-2
1
!

+BY nye1Sinveix—BYnyiinva 1Sk é/

(BY1,NY+1BYNY+1,1_BYNY+1,NY+1BY1,1} (20a)
NY
Pinyvi k™ Z (BYNY+1,1BY1,1—BY1,1BYNY+1,1)P1,1,1(
=2

+BY 1S vy e~ BY vy 1S 1/\1/

(BY vy i1 vy 1 BYy 1= BY iy, 1 BY 1wy o). (20b)
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Substitution of Eqs. (19) and (20) into Eq. (17) gives

NX NY NZ/2 +1

Z BX:'Tmpm,j,k—i— Z Bijlpi,l,k—i_ Z BZk,npi,j,nZS:'?j,ka

=2 =2 n=1

2<k<NZ2+1 (21a)
and
NZ/2+1

Z BZk,npi,j,n=Si,j,k5 k= 1. (21b)
n=1

Note the change of limits on the first two sums in Eq. (21a), as compared to
Eq. (17). Here S; ; , =S¥, . at k=1 and BX},, BY},, and S}, , are

BX¥,,=BX, ,+ [BX; nx+ 1(BXyy11,1BX) o — BX, BXyx i1, m)
—BX; 1(BXwx 41, nx 1 BX 1y = BXy nx 1 BXyxi1,m)]/
(BXwxs 1, nx+1BX1 1 — BXyyx 1 1 BX ) wxi1) (22a)
BY}=BY, /+[BY; ny 1(BY yy 1 BY ;= BY {BY vy, 1))
_BY]’, I(BYNY+ 1, NY+IBYI,!_BYI,NY+1BYNY+1, 1)]/
(BYwysr vy 1BY 1= BY yy 11 BY wyi1) (22b)

and
S:'l,‘j,kzsi,j,k—i_ [BXi,I(BXI,NX+1SNX+1,j,k_—BXNX+1,NX+ISI,j,k)

—BX, nx1(BX 1  Swxst = BXwxi1,151,, 61/

(BXwxs 1, vx+1BX 1 1= BXwyx 1 1.1BX 1 nxv1)

+[BY, ((BYy ny1Sinrere—BYnyionre1Sins)

—BY; ny1(BY 1 1Sinys = BY ny 118010/

(BY wy+1nr«1BY 11— BY Ny 11 BY s v i) (22¢)

We can now diagonalize the matrix BX* of dimension (NX — 1) x (NX — 1) and the
matrix BY* of dimension (NY — 1) x {NY—1) as

EX " 'BX*EX =A (23a)
and

EY 'BY*EY =7, (23b)

where A is a diagonal matrix of dimension NX — 1 with diagonal elements «; as the
eigenvalues of the matrix BX*, and y is a diagonal matrix of dimension NY —1
with diagonal elements f; as the eigenvalues of the matrix BY*. The matrices EX
and EY are the corresponding eigenvectors associated with each eigenvalue. The
IMSL cigensystem routine EIGRF has been used for this in these computations.
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If the solutions of pressure is expanded in a series of the eigenfurnctions such that

P=EX P EY" (24a)

and the source term such that

S*=EX §* EY™, (24b)

where the superscript T denotes the transpose of the matrix, then the complete
solution of pressure is obtained by a linear superposition of the eigenfunctions and
its associated eigenvalues. Equations (24) are substituted into Egs. (21) and, in view
of Egs. (23), Eqgs. (21) are reduced to

NZj2+ 1 .
> BZy (Bijnt +B)px=5F 1, 2<k<NZ2+1 (25a)

n=1
and

NZj2+1 i
Z BZk,npi,j,n:Sfj,k9 k=1, (25b)

n=1

for each i=2,.., NX, j=2,.., NY.

Equation . (25a) with the boundary condition of Eg.(25b) represents a one-
dimensional matrix inversion to find g, ; ,. The resulting pressure is then calculated
using Eq. (24a). Note that all the matrix operations are simple one-dimensional
matrix operations, which require much less computer storage than the three-dimen-
sional system. Also all of the operational matrices EX, EY, EX7T, and EY”, the
eigenfunctions, and the solution of Eq. (25a) can be pretabulated and stored in the
computer so that only matrix multiplies are required to compute the pressure at all
future time steps.

The key feature of the technique is in the decomposition of the original: three-
dimensional matrix. Instead of the typical LU decomposition, eigenfunctions and
eigenvalues have been used to decompose the matrix. As a result, in the final
equation to be solved it is necessary to deal with a matrix of dimensions
(NZ/2 + 1) rather than one of (NX)?*x (NY)?x (NZ/2+ 1)%. The consequence of
these steps has been to reduce the minimum storage requirements for direct matrix
inversion from O[(NX)*(NY)*(NZ/2+1)*] to O[(NX}NY)NZ/2+ 1)]; ie., the
minimum storage requirement is no longer limited by the reduced matrix invession,
O(N?), but the storage of the field variables themselves, O(N?). This is an important
result that permits use of much smaller computers to perform direct solution of the
Poisson equation. One should note, however, that the reduced storage does not
imply a large reduction in CPU operation count, but it does imply less storage
access time, which is time-consuming in performing a calculation on a computer.
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6. COMPUTER TIME AND TIME-STEP LIMITATIONS

When using Chebyshev expansions in each direction for the computation of time-
dependent problems, one can encounter a restricted time step for explicit time
integration schemes as indicated in Eq. (11). For a diffusion-dominated problem,
the critical time step is O(Re/N*), while the critical time step for a convection-
dominated case is O(1/N?).

By examining the splitting scheme adopted here, we find that the time constraint
depends only on the first step and is independent of the second step, where con-
tinuity is satisfied by the pressure field. To determine the condition under which
Eq. (11) is stable, consider the discrete L, norm of a7+1,

& < - SeH ) ], 26)

where the operator H contains u,(8/0x,) — (1/Re}(d*/0x?), j=1,2, 3.
Equation (26) is satisfied if

i
e 27
max, (4] ] N+ o7, ] NT° ) 1)

+ 1w}, ol NZ2) + (1/Re)(NX* + NY* + NZ*)

Note that Eq. (27) clearly indicates that the time step is restricted not only by the
diffusion term but also by the convection term when Re > 100. For the case of two-
dimensional cavity flow, the time steps at Re = 100 and 400 with 25 x 25 modes are
5x107* and 7 x 10™*, respectively. At Re = 1000 with 31 x 31 modes, the time step
is 5x 107 To be specific, the two-dimensional case with 25 x 25 modes ran in 4.2
sec/time step and the 31 x 31 modes ran in 7.6 sec/time step on a VAX 11/750.
Generally, in order to reach the steady state, it takes 15,000 to 30,000 times steps
with increasing Reynolds number. In the case of three-dimensional driven cavity
flow, the two-dimensional solutions were provided as initial conditions, and the
same time step was used. The 25x25x 13 mode case runs in 11.1 sec/step for
Re =100 or 400, and the 31 x 31 x 16 case in 20.0 sec/step for Re = 1000 on a VAX
11/780 with an FPS-164 array processor. Under these conditions it takes only 7,500
to 25,000 time steps to obtain the steady state solution.

At interesting test of the computations was made using a VAX performance
analyzer. It showed that approximately 40% of the total CPU cost at each time
step was used to compute the updated pressure and corrected velocity field. In
order to reduce this, a technique similar to the subcycling technique proposed by

— 00— itttk ittt i > —oto o Loollod o

cycle) an approximate velocity field is estimated by using the pressure gradient
extrapolated from the previous cycle, ie., the true “current pressure” and the con-
tinuity equation is neglected during the cycle. At the end of each cycle, this slightly
compressible flow is corrected through the regular procedure to insure that the
incompressibility constraint is satisfied and the pressure gradient is updated. This
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technique would be especially effective for slowly varying flows or those that
approach steady state. The number of time steps that can be included in each cycle
would have to be determined by testing and typically far less could be used at the
early transient state than at the end of steady state. Note, however, that for the

technique used in this paper the maximum speed-up using this approach would be
less than 40%.

7. RESULTS AND DISCUSSION

This section discusses the results obtained for the two- and three-dimensional
cavity flows. First, computation of the flow in a two-dimensional square cavity

a]i

T “‘\x E
I @ﬁﬂ/[ R

©
,—’//
4/

0.4+ | \\ . h_ -
\ \\\ \\ //

0.2 \\\ \\\k

.2+

F16. 2. Streamline pattern for Re=100 with y;, = —0.10367; (a)contour letter a= —0.11,
b= 01, ¢c=—009, d=—-0.08, e= —0.07, f= 006, g= —005, =004, i= —003, j= -002,
k= —001, /= —0.001; (b) Re =400 with y/,, = —0.11370; (¢) Re = 1000 with ¥, = —0.11619.
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using a primitive variable formulation is examined for Re = 100, 400, and 1000, and
then results are compared with those of the most accurate finite-difference method
in streamfunction voriticity formulation. Next, the results for a cubic cavity flow are
presented for the same Reynolds numbers.

Since the technique for the three-dimensional case is essentially the same as that
for the two-dimensional case, testing of the method on a two-dimensional square
cavity flow for which other results exist makes it possible to ensure the validity of
the present algorithm for a three-dimensional cavity flow. For the two-dimensional

test 25x 25 modes were chosen for Re=100 and 400,
Re =1000. Stream lines and velocity vectors for the driven
numbers are shown in Figs. 2 and 3, respectively. The

and 31 x3! modes for
cavity at these Reynolds
values of the minimum
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F16. 4. Velocity profiles on vertical centerline of a square cavity.

streamfunction of the primary vortex center computed by the pseudospectral
method are, with increasing Reynolds numbers, ., = —0.10367, —0.11370, and
—0.11619. These are in good agreement with the fine grid results (129 x 129} repor-
ted by Ghia et al. [217 (ie., Y, = —0.10342, —0.11391, and —0.11793). These
plots reproduce, in the lower corner region, small pockets of recirculating flow
corresponding to positive dimensionless streamfunction values. Figures 4 and 3§
show the plot of the profiles of both horizontal velocity along the vertical centerline
and vertical velocity along the horizontal centerline for all the aforementioned
Reynolds numbers. The present results agree well with those reported in [21] for
all cases with agreement up to the third decimal place. This agreement indicates
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Fi1G. 5. Velocity profiles on horizontal centerline of a square cavity.
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that the resolution of thin boundary layers by the pseudospectral method is suf-
ficiently high and gives confidence that the approach is correct and consistent. Once
the test demonstrated the method for two dimension, the three-dimensional flow
was tabulated.

Computational results for a three-dimensional cavity flow with Re =100, 400,
and 1000 are given in Figs. 6, 9, and 12. Displayed are the velocity profiles of the u
component on the vertical centerline and the v component on the horizontal cen-
terline of the plane z=0.5. The two-dimensional results are shown for comparison.
These plots clearly indicate that the three-dimensional boundary affects the flow
even at low Reynolds numbers. In Fig. 9a and 9b for Re =400, the flow motion is
found to be reduced in strength compared to Re=100. As expected, for a high
Reynolds number Re = 1000), this boundary effect becomes more prominent, as
shown in Figs. 12a and b. An attempt was made to compare the velocity results
with those of Takami and Kuwahara [29] (Fig. 3) and Goda [4] (Figs. 8 and 9),
but an exact comparison was not possible because of insufficient detail.

More details of the flow can be understood if we look at the flow structure in the
different positions of the xy and yz planes. The xy plane velocity vector plots for
Re =100 and 400 at positions z=0.982, 0.962, 0.75, and 0.5 are presented in Figs.
7a-d and Figs. 10a—d, respectively. Due to the boundary layer effect by the side
wall, the results show that the deviation from the two-dimensional case is greatest
near the side wall, as one would expect. Although flow patterns in the symmetry
plane are similar to those of a two-dimensional flow, the strength is reduced.
Similarly, the results for Re = 1000 at z=0.975, 0.956, 0.75 and 0.5 in Figs. 13a-d
show the same trend, except that the boundary layer effect is more pronounced.

The yz plane flow patterns for Re =100 and 400 starting from the upstream to
the downstream at x =0.962, 0.854, 0.5, 0.146, and 0.0381 are plotted in Figs. 8a—¢
and Figs. 11a—e, respectively. Based on the plotted velocity vectors, one can easily
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F1G. 12. Cubic cavity velocity profiles for Re= 1000 on (a) vertical centerline, (b) horizontal cen-
terline.
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distinguish whether the w component velocity flows inward or outward since
without the w component velocity, the v component velocity should be vertical.
Note that the flow patterns are not visible in some places due to very small values
of both v and w. The vector plots are normalized by the largest vector in the plane
displayed. As indicated in these figures for 0.5 <z <1, generally the w component
velocity starts with an inward (negative) flow downstream and changes directions
to an outward (positive) flow toward the upstream. For Re=100 in the
downstream yz plane at x = 0.854, at the bottom a minor outward flow is observed,
while for Re =400 at x =0.962 and 0.854, a small recirculation flow is located at the
bottom. In the yz plane at x=0.5, two distinct secondary vortices are found that
gradually shift toward the corners with increasing Reynolds numbers. For
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o8b. il
0B b T Qe :
y v \
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YL 1

Fic. 13. Flow direction vectors for (a) Re=1000 in the z=0.975 plane, (b) Re=1000 in the
z=10.956 plane, (c) Re =1000 in the z =0.75 plane, and (d) Re = 1000 in the z=0.5 plane.
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Re = 1000, yz plane flow patterns are shown in Figs. 14a—e at x =0.975, 0.871, 0.5,
0.129, and 0.025. The flow structure is similar except that two more small secondary
vortices appear at the upper corner of the side walls, and the distortion of v com-
ponent is more severe. The presence of Taylor-Gortler-like longitudinal vortices for
Re = 1000 could not be established. For Re > 1000, their presence remains to be
determined; this is a task for future study.

8. CONCLUSIONS

The three-dimensional Navier-Stokes equations using a primitive variable for-
mulation have been solved by a Chebyshev pscudospectral matrix method for a
three-dimensional driven-cavity flow by using a time-splitting technique. In the
solution approach, the continuity equation is satisfied everywhere in the interior
and on the boundaries, except at the corner singular points. This eliminates the
need for momentum-equation-derived Neumann boundary conditions on the
pressure.

The key feature of the work presented is that the resulting three-dimensional
direct matrix inversion for the pressure Poisson equations is reduced to simple one-
dimensional matrix operations by employing eigenfunction expansions. Since only
one-dimensional matrices are involved, this formulation avoids the large storage
normally associated with three-dimensional solutions of Poisson equations. The
approach permitted storage of the overall inverted matrix coefficients that were
applied during integration in the time domain using only the limited storage of a
VAX 11/780.

Results for a two- and three-dimensional driven cavity flow have been compared
for Re = 100, 400, and 1000. For all of the Reynolds numbers studied in this paper,
Taylor—Gortler-like longitudinal vortices were not observed, and this topic remains
an open question for Re > 1000.
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